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(elementary cellular automaton $(ECA)$) , $\{0,1\}$ $g$ : $\{0,1\}^{3}arrow\{0,1\}$
$(\{0,1\},g)$ , ECA $g$ . $g$ local transition fun-ction ,
.
ECA $g$ , $A\equiv\{0,1\}^{Z}$ $A$ $g$
$x\in \mathcal{A}$, $(g(x))_{i}=g(x_{i-1},x_{i},x_{i+1})$
. 9 global transition function .
$\mathcal{A}$ $d$ .
$d(x,y)= \sum_{t=-\infty}^{\infty}\frac{|x_{i}-y_{1}|}{2^{|i|}}$ , $x,y\in A$,
$(A,g)$ .
$A$ configuration , configuration $x\in \mathcal{A}$ ,
$\{g^{t}(x)\}_{t=1}^{\infty}$ .
$g^{0}(x)=x,$ $g^{t+1}(x)=g(g^{t}(x)),$ $t\geq 0$ .
ECA 9 $R(g)$
$R(g)= \sum_{\langle a,b,c)}g(a,b,c)2^{as4+b\cdot 2+e}$ .
, J 40 local transition function g4o .
$S=$ { $(0,1_{m})_{t=-\infty}^{\infty}|m_{1}=1$ or 2, $i\in Z$ } $\subset \mathcal{A}$,
,
$\forall x\in \mathcal{A}\backslash S$, $\lim_{tarrow\infty}g^{t}(x)=0$,
$\forall x\in S$ , $g_{40}(x)=\sigma_{L}(x)$ ,
[12] . $\sigma_{L}$ , $lefhShif\mathfrak{b}$ transformation .
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, [12] , g4o $x\in S$ spreading rate Lyapunv exponent ,
$S’=$ { $(0,1_{m_{i}})|m_{1}=1$ or 2, $i\in N$}
$g_{40}=\sigma_{L}$ .
, spreading rate .
Notations
(1) $x\in A$ ,
$x_{i,j}\equiv(x_{i}, \cdots, x_{j})$ $(i\leq j)$ ,
$x_{arrow,i}\equiv(\cdots x_{i-1},x_{i})$ ,
$x_{j,arrow}\equiv(x_{j},x_{j+1}, \cdots)$ .
(2) $\alpha_{i}\in\{0,1\}^{n_{t}},$ $\beta_{:}\in\{0,1\}^{m:}$ , $ni\geq 1,$ $m_{i}\geq 1,$ $i\in Z$ , , .
$(\alpha_{i},\beta_{i})_{i=-\infty}^{+\infty}=$(. . . , $\alpha_{1}^{-1},$ $\cdot$ . . , $\alpha_{n-1}^{-1},\beta_{1}^{-1},$ $\cdot$ . . , $\beta_{m-1}^{-1},$ $\alpha_{1}^{0},$ $\cdot$ . . , $\alpha_{\mathfrak{n}_{0}}^{0},\beta_{1}^{0},$ $\cdot$ . . $\beta_{m_{0}}^{0}$ ,
$\alpha_{1}^{1},$ $\cdots\alpha_{n_{1}}^{1},\beta_{1}^{1},$ $\cdots\beta_{m_{1}}^{1},$ $\cdots$ ),
, $\alpha:=(\alpha_{1}^{i}, \cdots,\alpha_{\mathfrak{n}_{t}}^{1}),$ $\beta_{:}=(\beta_{1}^{i}, \cdots\beta_{m_{i}}^{i}),$ $i\in Z$ .
(3) $0$ . , .
$(\cdots 0,0,0, \cdots),$ $(\cdots,.0,0,)$ or $(0,0, \cdots)$ .
(4) $\alpha\in\{0)1\}^{n}$ $i$




(5) $x\in \mathcal{A}$ $c$
$N(c|x_{i,j})\equiv\#\{k|(x_{k}, \cdots x_{k+|c|-1})=c, i\leq k\leq j-|c|+1\}$ ,
. , $X:,j$ $c$ .
2. Spreading Rate and Lyapunov Exponent
$Shereshevsky[13]$ , ECA $g$ $x\in A$ Lyapunov exponent .
$s\in Z$
$W_{\epsilon}^{+}(x)\equiv\{y\in \mathcal{A}|\forall i\geq s, y:=x_{i}\}$ , $W_{l}^{-}(x)\equiv\{y\in \mathcal{A}|\forall i\leq s, y_{i}=x_{i}\}$ ,
A$t+(x) \equiv\min\{s|g^{t}(W_{0}^{+}(x))\subset W_{l}^{+}(g^{t}(x))\}$ , $\Lambda_{t}^{+}(x)\equiv mu_{j\epsilon}z\{\tilde{\Lambda}_{t}^{+}(\sigma_{L}^{j}x)\}$ ,
A$t-(x) \equiv\max\{s|g^{t}(W_{0}^{-}(x))\subset W_{\epsilon}^{-}(g^{t}(x))\}$ , $\Lambda_{t}^{-}(x)\equiv\min_{j\in Z}\{\tilde{\Lambda}_{t}^{-}(\dot{d}_{L}x)\}$ ,
. , $\sigma_{L}^{;}=\sigma_{R}^{-j}$ for $j<0$ , $\sigma_{R}$ right-shift transformation .
$\lim_{tarrow\infty}\frac{\Lambda_{t}^{+}(x)}{t}$ , $\lim_{tarrow\infty}\frac{\Lambda_{t}^{-}(x)}{t}$
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, $x$ Lyapunov exponent .
$x,y\in \mathcal{A}$
$DFR(x, y) \equiv\sup\{i|x_{i}\neq y_{i}\}$ , $DFL(x, y) \equiv\inf\{i|x_{i}\neq y_{i}\}$ ,
. Lemma spreading rate Lyapunov exponent .
Lemma 2.1 . ECA $g$ , configu-ration $x\in \mathcal{A}$ $t\in N+$ , .
(1) max $DFR(g^{t}(x),g^{t}(y))= \min\{s|g^{t}(W_{0}^{+}(x))\subset W_{l}^{+}(g^{t}(x))\}-1$ ,
$y\epsilon w_{0(X)}^{+}$
(2) min $DFL(g^{t}(x),g^{t}(y))= \max\{s|g^{t}(W_{0}^{-}(x))\subset W_{l}^{-}(g^{t}(x))\}+1$ .
$y\epsilon w_{0}^{-}(X)$
$n_{j}$ : $\mathcal{A}arrow A(j\in Z)$ .
$x\in A$, $(n_{j}(x))_{i}=\{\begin{array}{ll}x:, i\neq j,\overline{x_{1}}, i=j.\end{array}$
$n_{j}$ , configuration $x$ j .
ECA $g$ ,
$\Gamma_{t}^{+}(x)\equiv\max j\in Z\{DFR(g^{t}(x),g^{t}(n_{j}(x))-j\}$ , $\Gamma_{t}^{-}(x)\equiv\min_{j\in Z}\{DFL(g^{t}(x))g^{t}(n_{j}(x))-j\}$ .
,
$\gamma^{+}(x)=\lim_{tarrow\infty}\Gamma_{t}^{+}(x)/t$ , $\gamma^{-}(x)=\lim_{tarrow\infty}\Gamma_{t}^{-}(x)/t$
, $x$ left spreading rate . spreading rate
Ilachinski[5] .
Theorem 2.2 ECA $g$ , $x\in A$ $t\in N+$ .
(1) $\Lambda_{t}^{+}(x)=\max mw\{DFR(g^{t}(x),g^{t}(y))-j\}+1j\epsilon z_{y\epsilon W_{j}^{+}(x)}$ $\Gamma_{t}^{+}(x)\leq\Lambda_{t}^{+}(x)$ .
(2) $\Lambda_{t}^{-}(x)=\min$ min $\{DFR(g^{t}(x),g^{t}(y))-j\}-1$ , $\Lambda_{t}^{-}(x)\leq\Gamma_{t}^{-}(x)$ .
$j\in \mathbb{Z}y\epsilon W_{j}^{-}(X)$










spreading rate Lyapunov exponent , ECA left most permutive
right most permutive [12].
3. Spreading Rat$e$ and Lyapunovs Exponent of Rule 40
40 $\in S$ spreading rate Lyapunov exponent [12]
. $x\in S$ spreading rate . .
Lemma 3.1 , 40 , $\cdot$ .




$x=(\beta, 0, \alpha)0$ ,
$T \equiv\sup\{t|\{n|N(01|x_{1,n})+N(011|x_{1,n})=t\}\neq\phi\}$ ,
$0\leq t\leq T$, $n_{t} \equiv\min\{n|N(01|x_{1,\mathfrak{n}})+N(011|x_{1,n})=t\}$ .
, .
(1) $N(011|x_{1,n})\leq\dot{N}(01|x_{1,\mathfrak{n}})$ .
(2) $t\leq T,$ $x_{n_{t}}=1,$ $n_{t}=2N(01|x_{1,n\ell})+N(011|x_{1,n_{t}})$ .
(3) $1\leq t<T,$ $(g^{t}(x))_{0,arrow}=(0,0_{N(01|X_{1,n_{t}})},x_{n_{\ell}+1,arrow})$ , $t\geq T,$ $(g^{t}(x))_{0,arrow}=0$ .
Example3.2 Lemma 3.1 $x$ , $n_{t},$ $N(01|x_{1,n_{l}})$ $N(011|x_{1,n}.)$ ,
$t=1,2,3,4,5,6$ .
$(x)_{0,arrow=}(001,010,1,1,0,1,1,0,1,0\vee, \vee,\vee, \vee, \vee\vee\vee\vee\vee\vee\vee\vee 01ls46lll10111l1\S\iota_{i\cdot))\vee\vee\vee\vee,\vee,\vee}\iota\iota 1t1f181l201,0,1011, \cdots)$
$n_{1}= \min\{n|N(01|x_{1,n})+N(011|x_{1,n})=1\}=1$,
$N(01|x_{1,n_{1}})=1$ , $N(011|x_{1,n_{1}})=0$ ,
$n_{2}= \min\{n|N(01|x_{1,n})+N(011|x_{1,\mathfrak{n}})=2\}=4$ ,
$N(01|x_{1,\mathfrak{n}},)=2$ , $N(011|x_{1,\mathfrak{n}_{2}})=0$ ,
$n_{3}= \min\{n|N(01|x_{1,n})+N(011|x_{1,n})=3\}=6$,
$N(01|oe_{1,\mathfrak{n}s})=3$ , $N(011|x_{1,\mathfrak{n}_{S}})=0$ ,
$n_{4}= \min\{n|N(01|x_{1,n})+N(011|x_{1,n})=4\}=7$,









$(x)_{0,arrow=}(00,1,010,11,0,1,1,0,1,0,1,1,0,1, \cdots)\vee,\vee,\vee,\vee,\vee\vee\vee\vee\vee\vee\vee 012\theta 46676l1011121S14161\emptyset 17$
$(g(x))_{0,arrow}=(00010,1,1,0, 1, 1,0,1,0,1\vee, \vee, \vee, \vee, \vee\vee\vee\vee\vee\vee\vee\vee 01l84ff\tau\epsilon 0\iota 0\iota\iota\iota a\iota\iota_{i_{01}^{1f1\circ}\vee,\vee}\ldots)$
$0$ 1 2 $s$ 4 5 6 7 $0$ $9\iota 011$ 12 13 14 16
$(g^{2}(x))_{0,arrow}=(0000,1101101.01101\vee, \vee, \vee,\vee, \vee, \vee, \vee, \vee, \vee, \vee, \vee, \vee, \vee, \vee,, \cdots)$
$(\dot{g}^{8}(x))0,arrow=(00,001,0, 1.’ 1,0,1,0,1,1,0,1\vee,\vee, \vee, \vee\vee\vee\vee\vee\vee 012S4l07891011121S14 )$
$(g^{4}(x))0,arrow=(000,0, 0,11,0,1,0,1,1,0,1, \cdots)\vee,\vee,\vee,\cdot\vee\vee\vee\vee\vee\vee\vee\vee 012S4667l01011121S$
$(g\epsilon^{012S46789101112}(x))_{0,arrow=}(0000010101101\cdot\cdot)\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\vee,\cdot$
$0$ 1 2 $s$ 4 5 6 7 $0$ 9 10 11
$(g^{6}(x))0,arrow=(00000010110,1\vee, \vee,\vee, \vee, \vee, \vee, \vee, \vee, \vee,\vee,\vee, \cdots)$
,
$x=(\cdots\vee 1,0,1_{m_{1}},0,1_{m},,0, \cdots)f$ (1)
$n_{j}(x)=.(\cdots\vee 0,0,1_{m_{1}},0,1_{m_{2}},0, \cdots)j$ (2)
$x$ , $DFR(g^{t}(x),g^{t}(n_{j}(x))),$ $DFL(g^{t}(x),g^{t}(n_{j}(x)))$ ,
.
$\vee j$
Theorem 3.2 (i) $x=(\cdots 0,1_{m0},0,1_{m_{1}},0,1_{m_{2}},0, \cdots)$ , $\forall i,$ $1\leq m:\leq 2$ , $x$ ,
$n_{j}(x)=(\cdots\vee 0,0,1_{m_{1}},0,1_{m_{2}},0, \cdots)r$
DFR $(g_{40}^{t}(x),g_{40}^{t}(n_{j}(x)))-j=N(01|x_{j+1,n_{t}})$ .
(ii) $\forall x\in S,$ $\forall j\in Z$ , DFL $(g_{40}^{t}(x),g_{40}^{t}(n_{j}(x)))=j-t$ or $j-t+1$ .
(1) $x\in S$ spreading rate ,
$\frac{DFR(g^{t}(x),g^{t}(n_{j}(x)))-j}{t}=\frac{N(01|x_{j+1,n_{l}})}{t}$ ,
$\frac{DFL(g^{t}(x),g^{t}(n_{j}(x)))}{t}=\frac{j-t}{t}$
$tarrow\infty$ , spreading rate $- 1$ . spreading rate , $x_{j,arrow}$
01 011 .
$x\in S$ .
$x=((01)_{Pt}, (011)_{q:})_{1=-\infty}^{\infty}$ , $p_{i}\geq 1,$ $q_{i}\geq 1$ .
$x=$
$(\cdots\vee 1r(01)_{p_{1}}, (011)_{q_{1}},$ (01) , $(011)_{q2},$ $\cdots$ ),
$n_{j}(x)=(\cdots\vee 0f(01)_{P\iota}, (011)_{q_{I}},$ (01) $,$ $(011)_{q_{2}},$ $\cdots$ ),
,
126
(i) for $\sum_{i=1}^{k}(p_{i}+2q_{i})\leq t<\sum_{i=1}^{k}(p_{i}+2q_{i})+p_{k+1}$ ,
DFR $(g_{40}^{t}(x), g_{40}^{t}(n_{j}(x))-j= \sum_{i=1}^{k}(p_{i}+q_{i})+t-\sum_{l=1}^{k}(p_{i}+2q_{i})=t-\sum_{b=1}^{k}q_{i}$ ,
(ii) for $\sum_{1=1}^{k}(p_{i}+2q_{i})+p_{k+1}\leq t<\sum_{i=1}^{k+1}(p_{i}+2q_{i})$ ,
DFR $(g_{40}^{t}(x),g_{40}^{t}(n_{j}(x))-j= \sum_{i=1}^{k}(p_{i}+q_{i})+p_{k+1}+[\frac{t-\sum_{1=1}^{k}(p_{i}+2q_{i}\rangle-p_{k+1}}{2}]>\frac{t}{2}-1$.
(ii) , 40 spread-ing rate 1/2 . [1/2, 1]
$r$ , $r$ spreading rate co guration $x\in S$
.
Example 3.3
$p_{i}=p$ and $q_{1}=q(i=1,2, \cdots)$ , (i) (ii)
$t \lim\frac{\Gamma_{t}^{+}(x)}{t}=\frac{p+q}{p+2q}$ ,




$S$ $g_{40}=\sigma\iota$ , $x\in S$ spreading rate (Lyapunov exponent)
, $x0,arrow$ 010 0110 . $S+\equiv\{x_{0,arrow}|x\in S\}$ , $S+$
$\sigma_{L}$ .
Fig 1 $(f, [0,1])$ . $f$ $\mu_{d}$ , $d(x)$
. Fig2 . $\alpha$ , $0< \alpha<\frac{1}{3}$ .
$d(x)=\{\begin{array}{ll}\perp a. 0\leq x\leq a\cdot\frac{1-\alpha}{2},\frac{\alpha}{\frac,c1b} a\cdot\frac{\frac{1-\alpha}{1-\alpha 2}}{2}+b<x\leq a\cdot\frac{1-\alpha+b}{2}+b+c\cdot\frac{1-\alpha}{2}a\cdot<x\leq a\cdot\frac{1-\alpha}{2},,\end{array}$
$a,$ $b,$ $c$ , .
$0<a< \frac{2}{1-\alpha}$ , $0<b<\alpha,$ $0<c< \frac{2}{1-\alpha},$ $a \cdot\frac{1-\alpha}{2}+b+c\cdot\frac{1-\alpha}{2}=1$ .
$f$ Lyapunov exponent . $\mu_{d}$ .
$\frac{1-\alpha}{2}\log(1-\alpha)-\frac{1-3\alpha}{2}\log(1-3\alpha)-\alpha\log\alpha-\alpha$ log2.
$\psi:[0,1]arrow S+$ .
$x\in[0,1]$ , $(\psi(x))_{n}=\{\begin{array}{ll}0, f^{n}(x)\in[0,a\cdot\frac{1-a}{2}),1, f(x)\in[a\cdot\frac{1-\alpha}{2}, 1].\end{array}$
$\psi$ . $([0,1], f)$ $(S+, \sigma_{L})$ topological conjugacy .
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$a\cdot\alpha$ $a \cdot\frac{1-3\alpha}{2}$ $b$ $c,$ $\cdot\frac{1-\alpha}{2}$
Fig.2 $f$ $d$
$d$ $[0,1]$ $\mu_{d}$ , $s_{+}$ $\mu_{\sigma_{L}}$ ,
$B\in \mathcal{B}s_{+}$ , $\mu_{\sigma}(B)\equiv\mu_{d}(\psi^{-1}(B))$
. $\mathcal{B}s_{+}$ , $\sigma$ . $\mu_{d}$ $f$
, $\mu_{\sigma}$ \mbox{\boldmath $\sigma$}L .
$x\in S$ spreading rate , $x_{0,arrow}$ 010 0110 .





$narrow\infty$ , spreading rate . \mbox{\boldmath $\sigma$}L
$\mu_{\sigma}$ 1 spreading rate .
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$([0,1], f)$ $f$ $\mu_{d}$ .
$1_{0}(\omega)=\{\begin{array}{ll}0, \omega\neq 0,1, \omega=0,\end{array}$
$1_{1}(\omega)=\{\begin{array}{ll}0, \omega\neq 1,1, \omega=1,\end{array}$
$1_{010}(a,b,c)=\{\begin{array}{ll}1, a=0,b\simeq 1c=0,0, \text{ },\end{array}$






$\frac{1}{n+1}\sum_{j=0}^{n}0(f^{j}(x))arrow\alpha+\frac{1-3\alpha}{2}$ , $\mu_{d}-a.s,$ .
$\frac{1}{n+1}\sum_{j=0}^{n}1(f^{j}(x))arrow\alpha+\frac{1-\alpha}{2}$ , $\mu_{d}-a.s$ ,
$\frac{1}{n-1}\sum_{j=0}^{n}010(f^{j}(x))arrow\frac{1-3\alpha}{2}$ , $\mu_{d}-a.s$ ,
$\frac{1}{n-2}\sum_{j=0}^{n}0110(f^{j}(x))arrow\alpha$, $\mu_{d}-a.s$ .
. spreading rate ,
$\frac{\sum_{j=2}^{\mathfrak{n}}010(f^{j-2}(x))+\sum_{j=3}^{n}0110(f^{j-3}(x))}{\sum_{j=2}^{n}010(f^{j-2}(x))+2\sum_{J=3}^{n}0110(f^{j-3}(x))}arrow\frac{\frac{1-3\alpha}{2}+\alpha}{\frac{1-3\alpha}{2}+2\alpha}=\frac{1-\alpha}{1+\alpha}$ , $\mu_{d}-a.s$ .
,
$\sum 0(f^{j}(x))n$
$\frac{j=0}{n}arrow\frac{1-\alpha}{1+\alpha}$ , $\mu_{d}-a.s$ .
$\sum_{j=0}1(f^{j}(x))$
. $0< \alpha<\frac{1}{3}$ , spreading rate , 1/2 1 . 3
.
41[1/2, 1] 8preading rate con guration $S$ .
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40 Lyapunov exponent ,
, .
Lyapunov exponent , ,
. , Lyapunov exponent , $-$
,
. , 40
, . , 40 Wolfram I
, .
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